In this paper, a de Casteljau algorithm to compute (p, q)-Bernstein Bézier curves based on (p,q)-integers is introduced. We also introduce affine de Casteljau algorithm for Lupaş type (p, q)-Bernstein Bézier curves. The new curves have some properties similar to q-Bézier curves. Moreover, we construct the corresponding tensor product surfaces over the rectangular domain (u, v) ∈ [0, 1] × [0, 1] depending on four parameters. We also study the de Casteljau algorithm and degree evaluation properties of the surfaces for these generalization over the rectangular domain. Furthermore, some fundamental properties for (p, q)-Bernstein Bézier curves and Lupaş type (p, q)-Bernstein Bézier curves are discussed.
Introduction
In computer aided geometric design (CAGD), Bernstein polynomials and its variants are used in order to preserve the shape of the curves or surfaces. One of the most important curve in CAGD [26] is the classical Bézier curve [2] constructed with the help of Bernstein basis functions.
In 1912, S.N. Bernstein [1] introduced his famous operators B n : C[0, 1] → C[0, 1] defined for any n ∈ N and for any function f ∈ C[0, 1]
In recent years, generalization of the Bézier curve with shape parameters has received continuous attention. Several authors were concerned with the problem of changing the shape of curves and surfaces, while keeping the control polygon unchanged and thus they generalized the Bézier curves in [17, 20, 21] .
The rapid development of q-calculus [25] has led to the discovery of new generalizations of Bernstein polynomials involving q-integers [7, 14, 18, 20] . The aim of these generalizations is to provide appropriate and powerful tools to application areas such as numerical analysis, computeraided geometric design, and solutions of differential equations.
In 1987, Lupaş [7] introduced the first q-analogue of Bernstein operator and investigated its approximating and shape-preserving properties. In 1996, Phillips [16] proposed another q-variant of the classical Bernstein operator, the socalled Phillips q-Bernstein operator which attracted lots of investigations. The q-variants of Bernstein polynomials provide one shape parameter for constructing free-form curves and surfaces, Phillips qBernstein operator was applied well in this area. G.M. Phillips in [15] also presented a De Casteljau algorithm for generalized Bernstein Polynomials.
In 2003, Oruk and Phillips [20] used the basis functions of Phillips q-Bernstein operator for construction of q-Bézier curves, which they call Phillips q-Bézier curves, and studied the properties of degree reduction and elevation.
Cetin et al in [3] proposed tensor Product q-Bernstein Polynomials. Li-Wen Hana et al in [17] introduced generalized Bézier curves and surfaces based on Lupaş q-analogue of Bernstein operator. They also constructed the corresponding tensor product surfaces over the rectangular domain, and study the properties of the surfaces, as well as the degree evaluation and de Casteljau algorithms for Lupaş q-analogue of Bernstein operators.
Recently, Mursaleen et al [8] applied (p, q)-calculus in approximation theory and introduced the first (p, q)-analogue of Bernstein operators based on (p, q)-integers. For similar works based on (p, q)-integers, one can refer [9, 10, 11, 13] .
Thus with the development of (p, q)-analogue of Bernstein operators and its variants, one natural question arises, how it can be used in computer aided geometric design in order to preserve the shape of the curves or surfaces. In this way, it opens a new research direction which requires further investigations.
Before proceeding further, let us recall certain notations of (p, q)-calculus .
whereas q-integers are given by
The formula for (p, q)-binomial expansion is as follow:
where (p, q)-binomial coefficients are defined by
Details on (p, q)-calculus can be found in [4, 8, 23] .
The (p, q)-Bernstein Operators introduced by Mursaleen et al is as follow:
Note when p = 1, (p, q)-Bernstein Operators given by (1.3) turns out to be q-Bernstein Operators. Also, we have
Again by some simple calculations and using the property of (p, q)-integers, we get (p, q)-analogue of Pascal's relation as follow:
Very recently, we have applied (p, q)-calculus in computer aided geometric design and introduced first the (p, q)-Bézier curves and surfaces based on (p, q)-integers in [5] which is further generalization of q-Bézier curves and surfaces, for example, [17, 18, 19, 20] . We have also introduced a new analogue, i.e, Lupaş type (p, q)-analogue of the Bernstein operators in [5] . Now in this paper, we further extend our results on a rectangular domain and introduce (p, q)-analogue of de Casteljau algorithm for the operators discussed in [5] .
The outline of this paper is as follow: Section 2 introduces a de Casteljau type algorithm for B k,n p,q . In Section 3 we define a tensor product patch based on algorithm 1 and its geometric properties as well as a degree elevation technique are investigated. Furthermore tensor product of (p, q)-Bézier In next section, we present de Casteljau [3, 15] type algorithm for (p, q)-Bernstein polynomials
(p, q)-Bernstein polynomials
The (p, q)-Bernstein functions is as follow:
Let us recall some recurrence relation introduced by us in [5] for (p, q)-Bernstein polynomials, i.e
The de Casteljau algorithm describes how to subdivide a Bézier curve, when a Bézier curve is repeatedly subdivided, the collection of control polygons converge to the curve. Thus, the way of computing a Bézier curve is to simply subdivide it an appropriate number of times and compute the control polygons.
de Casteljau algorithm for (p, q)-Bernstein polynomials:
We now give a de Casteljau type algorithm for computing the (p, q)-Bernstein Bézier curves. This algorithm is based on the first recurrence relation given by Theorem (2.1) for B k,n p,q (t), (or see [5] ) and it is this algorithm that will enables us to construct tensor product (p, q)-Bernstein Bézier surfaces. Algorithm 1. Let P 0 , P 1 , ..., P n ∈ R 2 or R 3 be the given control points. Compute
4) where
We define a two-parameter family of tensor product surface of degree (m, n) as follow:
where P i,j ∈ R 3 are control net points and B i,m p,q (u), B j,n p,q (v) are (p, q)-Bernstein basis polynomials with respect to the parameters p 1 , p 2 and q 1 , q 2 respectively for i = 0, 1, ..., m and j = 0, 1, ..., n. The parameters p 1 , p 2 and q 1 , q 2 add extra flexibility to the basis functions which play important role in the convergence of (p, q)-Bernstein polynomials. Furthermore they vary the shape of the surface.
3.1 Properties.
Affine invariance property:
but for
is not an affine combination of its control net points. Thus S(u, v) is not affinely invariant but if we put p 1 = p 2 = 1 then it will become affine invariant.
2. Convex hull property: When 0 < q 1 < p 1 ≤ 1, 0 < q 2 < p 2 ≤ 1 the bases polynomials are nonnegative but do not forms a partition of unity at each point. Hence S(u, v) is not a convex combination of P i,j and may or may not lies in the convex hull of its control net points.
3.
Boundary curves: Boundary curves of S(u, v) are evaluated by S(u, 0), S(u, 1), S(0, v)andS (1, v) . The first two curves are (p, q)-Bernstein Bézier curves in u and the last two curves are (p, q)-Bernstein Bézier curves in v.
Corner point interpolation:
The control points of the boundary curves are the boundary points of control net of S(u, v). Thus it follows from one sided endpoint interpolation property of the (p, q)-Bernstein Bézier curves that the corner control net points may not coincide with some of the four corners of the surface. Namely, S(0, 0) = P 0,0 , S(0, 1) = P 0,n , S(1, 0) = P m,0 , S(1, 1) = P m,n .
Consequently S(u, v) mimics the shape of control net. Moreover putting p 1 = p 2 = 1 reduces 3.1 to a tensor product q-Bernstein Bézier patch. What follows is the de Casteljau type algorithm to compute S(u, v).
Algorithm 2. Given the control net P i,j ∈ R 3 ; i = 0, 1, ..., m, j = 0, 1, ..., n.
Since, in general m = n, performing the direct de Casteljau algorithm k times (3.2) may not give a point on the surface. Then to get a point on the surface after kth application of (3.2) we perform Algorithm 2.
Degree elevation. Let S(u, v) denotes a two parameter tensor product surface of degree (m, n). The aim is to obtain the same surface as a surface of degree (m + 1, n). Hence we need to find new control points P
For this purpose we first write tensor product Bézier patches in the form
where
Thus, the problem is reduced to expressing m th degree (p, q)-Bernstein Bézier curve P j by one of (m + 1) th degree. From the degree elevation procedure (see, [3] ) for P j in the latter equation, we obtain for P j in the latter equation, we obtain
and [n] p1,q1 denotes the (p, q)-integer [n] with parameter value p 1 , q 1 in the place of p, q. Similarly, to obtain the same surface as one of degree (m, n + 1) we need new control points P (0,1) i,j such that
Finally, to obtain S(u, v) as a surface of degree (m + 1, n + 1) evaluate the new control net points from the product
The repeated degree elevation procedure can be computed by following the univariate case described in [5] .
Note: We get q-Bézier curves and surfaces for (u, v) ∈ [0, 1] × [0, 1] when we set the parameter p 1 = p 2 = 1 as given in [3] .
In the next section, we study about Lupaş type (p, q)-analogue of the Bernstein polynomials.
Lupaş type (p, q)-analogue of the Bernstein polynomials
The new analogue, that is Lupaş (p, q)-analogue of the Bernstein polynomials introduced by us in [5] is as follows: When p = 1, Lupaş (p, q)-Bernstein functions turns out to be Lupaş q-Bernstein functions as given in [17] For more details on Lupaş q-analogue of Bernstein operators, one can refer [22, 24] 
Lupaş (p, q)-Bézier curves:
Let us define the Lupaş (p, q)-Bézier curves of degree n using the Lupaş (p, q)-analogues of the Bernstein functions as follows:
where P i ∈ R 3 (i = 0, 1, ..., n) and p > q > 0. P i are control points. Joining up adjacent points P i , i = 0, 1, 2, ..., n to obtain a polygon which is called the control polygon of Lupaş (p, q)-Bzier curves.
Degree elevation for Lupaş (p, q)-Bézier curves
Lupaş (p, q)-Bézier curves have a degree elevation algorithm that is similar to that possessed by the classical Bézier curves. Using the technique of degree elevation, we can increase the flexibility of a given curve.
The statement above can be derived from Theorem (4.1). When p = 1, formula (4.5) reduce to the degree evaluation formula of the q-Bézier curves. If we let P = (P 0 , P 1 , ..., P n )
T denote the vector of control points of the initial Lupaş (p, q)-Bézier curve of degree n, and P (1) = (P * 0 , P * 1 , ..., P * n+1 ) the vector of control points of the degree elevated Lupaş (p, q)-Bézier curve of degree n + 1, then we can represent the degree elevation procedure as:
For any l ∈ N, the vector of control points of the degree elevated Lupaş (p, q)-Bézier curves of degree n + l is:
As l −→ ∞, the control polygon P (l) converges to a Lupaş (p, q)-Bézier curve.
de Casteljau algorithm:
Lupaş (p, q)-Bézier curves of degree n can be written as two kinds of linear combination of two Lupaş (p, q)-Bézier curves of degree n − 1, and we can get the two selectable algorithms to evaluate Lupaş (p, q)-Bézier curves. The algorithms can be expressed as:
Algorithm 3.
p n−r (1−t)+q n−r t P r−1 i (t; p, q) r = 1, ..., n, i = 0, 1, 2......, n − r.,
It is clear that the results can be obtained from Theorem (4.1). When p = 1, formula (4.7) and (4.8) recover the de Casteljau algorithms of classical q-Bézier curves. Let P 0 = (P 0 , P 1 , ..., P n ) T , P r = (P where M r (t; p, q) is a (n − r + 1) × (n − r + 2) matrix and
We define a two-parameter family P(u, v) of tensor product surfaces of degree m × n as follow:
where P i,j ∈ R 3 (i = 0, 1, ..., m, j = 0, 1, ..., n) and two real numbers
p2,q2 (v) are Lupa (p, q)-analogue of Bernstein functions respectively with the parameter p 1 , q 1 and p 2 , q 2 . We call the parameter surface tensor product Lupaş (p, q)-Bézier surface with degree m × n. We refer to the P i,j as the control points. By joining up adjacent points in the same row or column to obtain a net which is called the control net of tensor product Lupaş (p, q)-Bézier surface. 
Properties
is an affine combination of its control points.
2. Convex hull property: P(u, v) is a convex combination of P i,j and lies in the convex hull of its control net.
Isoparametric curves property:
The isoparametric curves v = v * and u = u * of a tensor product Lupaş (p, q)-Bézier surface are respectively the Lupaş (p, q)-Bézier curves of degree m and degree n, namely,
The boundary curves of P(u, v) are evaluated by P(u, 0), P(u, 1), P(0, v) and P(1, v).
Corner point interpolation property:
The corner control net coincide with the four corners of the surface. Namely, P(0, 0) = P 0,0 , P(0, 1) = P 0,n , P(1, 0) = P m,0 , P(1, 1) = P m,n , 5. Reducibility: When p 1 = p 2 = 1, formula (5.1) reduces to a tensor product q-Bézier patch.
Degree elevation and de Casteljau algorithm
Let P(u, v) be a tensor product Lupaş (p, q)-Bézier surface of degree m × n. As an example, let us take obtaining the same surface as a surface of degree (m + 1) × (n + 1). Hence we need to find new control points P * i,j such that P(u, v) = 
